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Abstract
Using a Hamiltonian approach, we introduce black hole entropy for Kerr-AdS
spacetimes with torsion as the canonical charge on horizon. In spite of a completely
different geometric setting with respect to GR, the resulting thermodynamic vari-
ables, energy, angular momentum and entropy, are shown to be proportional to the
corresponding GR expressions. The validity of the first law is confirmed.
1 Introduction
The entropy of black holes plays a crucial role in black hole thermodynamics. In the ap-
proach of Wald [1], entropy is introduced in the framework of (Riemannian) diffeomorphism
invariant theories as the Noether charge on horizon. In these theories, the gravitational dy-
namics is described by a metric of spacetme only, as is the case in general relativity (GR),
and matter fields are tensor fields on spacetime manifold. After some time, Jacobson and
Mohd [2] extended these considerations to theories whose spacetime geometry is described
by an orthonormal coframe and the related Lorentz (or spin) connection. Staying close to
the spirit of GR, they restricted their analysis to a torsionless Lorentz connection, which is
completely determined in terms of the coframe field. Thus, in spite of the change of basic
dynamical variables, the geometry of spacetime remained Riemannian.
A quite natural extension of the treatment of entropy was proposed recently in Ref. [3],
where the Lorentz connection was liberated from its Riemannian constraints by going over
to Poincare´ gauge theory (PG), a modern gauge-field-theoretic approach to gravity [4, 5].
In analogy to gauge theories of internal symmetries, PG is constructed by localizing the
Poincare´ group (translations and Lorentz rotations) of spacetime symmetries. In PG, the
basic gravitational variables are again the coframe and the Lorentz connection, but here, in
contrast to GR, the spacetime geometry is characterized by two types of field strengths, the
torsion and the curvature.
The Hamiltonian approach to entropy proposed in Ref. [3] describes the asymptotic
charges (energy and angular momentum) and entropy as the canonical charges at infinity
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and horizon, respectively. It was successfully applied to spherically symmetric and asymp-
totically flat Kerr solutions in PG, and to the Kerr-Anti-de Sitter (Kerr-AdS) black holes in
GR [3, 6, 7]. Once the asymptotic charges and entropy are calculated, they are also shown
to satisfy the first law of black hole thermodynamics, which is an independent test of the
formalism. The objective of the present paper is to extend our Hamiltonian approach to
physically more interesting but technically rather involved case of the Kerr-AdS black hole
with torsion [8, 9], see also [10, 11].
The paper is organized as follows. In section 2, we describe basic aspects of our Hamilto-
nian approach to entropy in PG, and section 3 offers a review of the geometry of Kerr-AdS
spacetimes with torsion. Then, in section 4, we apply the Hamiltonian approach to calcu-
late energy and angular momentum of the Kerr-AdS black hole in PG, with respect to the
AdS background configuration. In this analysis, a particular attention is payed to a proper
treatment of the Boyer-Lindquist coordinate system in the asymptotic region. Section 5 is
the central part of the present paper as it contains a detailed derivation of the Kerr-AdS
black hole entropy. In section 6, we give a short verification of the validity of the first law of
black hole thermodynamics, and section 7 is devoted to concluding remarks. Finally, three
appendices contain some technical details of our analysis of entropy.
Our conventions are the same as in Refs. [3, 6, 7]. The Latin indices (i, j, . . . ) are the
local Lorentz indices, the Greek indices (µ, ν, . . . ) are the coordinate indices, and both run
over 0, 1, 2, 3. The orthonormal coframe (tetrad) is bi = biµdx
µ, the dual basis (frame) is
hi = hi
µ∂µ, ω
ij = ωijµdx
µ is the Lorentz connection, the metric components in the local
Lorentz and coordinate basis are ηij = (1,−1,−1,−1) and gµν = gijb
i
µb
j
ν , respectively, and
εijmn is the totally antisymmetric symbol with ε0123 = 1. The Hodge dual of a form α is
denoted by ⋆α, and the wedge product of forms is implicitly understood.
2 Entropy as the canonical charge
To prepare our analysis of entropy for Kerr-AdS black holes with torsion, we start with a
short account of the (geometric and) dynamical structure of PG [4, 5] and the basic aspects
of the Hamiltonian understanding of black hole entropy [3, 6, 7].
The geometric structure of spacetime in PG is characterised by the existence of two gauge
potentials, the coframe (tetrad) bi and the Lorentz connection ωij = −ωji (1-forms), the
related field strengths are the torsion T i := dbi+ωikb
k and the curvature Rij := dωij+ωikω
kj
(2-forms), and the associated spacetime structure is described by a Riemann-Cartan (RC)
geometry.
The PG dynamics is determined by a Lagrangian L = LG+LM (4-form), where LG is the
pure gravitational part and LM describes matter fields and their gravitational interactions.
The gravitational Lagrangian is assumed to be parity invariant and at most quadratic in
the field strengths:
LG = −
⋆(a0R + 2Λ) + T
i
3∑
n=1
⋆(an
(n)Ti) +
1
2
Rij
6∑
n=1
⋆(bn
(n)Rij) , (2.1)
where (a0, Λ, an, bn) are the coupling constants, and
(n)Ti,
(n)Rij are irreducible parts of
the field strengths, see, for instance, Ref. [3]. The variation of LG with respect to b
i
2
and ωij yields the gravitational field equations in vacuum. After introducing the covariant
gravitational momenta Hi := ∂LG/∂T
i and Hij := ∂LG/∂R
ij (2-forms), and the associated
energy-momentum and spin currents, Ei := ∂LG/∂b
i and Eij := ∂LG/∂ω
ij (3-forms), the
gravitational field equations take a compact form
δbi : ∇Hi + Ei = 0 , (2.2a)
δωij : ∇Hij + Eij = 0 . (2.2b)
In the presence of matter, the right-hand sides of (2.2a) and (2.2b) contain the corresponding
matter currents.
The explicit expressions for the covariant momenta
Hi = 2
2∑
m=1
⋆(an
(m)Ti) , (2.3a)
Hij = −2a0
⋆(bibj) + 2
6∑
n=1
⋆(bn
(n)Rij) , (2.3b)
play and important role in the analysis of black hole entropy.
The asymptotic conserved charges (energy and angular momentum) in PG are closely
related to the regularity (functional differentiability) of the canonical gauge generator of
local Poincare´ symmetries. Following the ideas of Regge and Teitelboim [12], the canonical
form of these charges can be expressed in terms of certain surface integrals at spatial infinity,
see Refs. [10, 13, 14]. On the other hand, the concept of black hole entropy in GR is best
understood as the Noether charge on horizon [1]. As shown in Ref. [3], this idea can be
quite naturally extended to PG by introducing entropy as the canonical charge on horizon.
By construction, this extension can be applied not only to black holes with torsion, but also
to Riemannian black holes.
For a stationary black hole spacetime, its spatial section Σ is assumed to have two
components, one at infinity and the other at horizon, ∂Σ = S∞ ∪ SH . The corresponding
boundary integral Γ has two parts, Γ = Γ∞ − ΓH , which are determined by the following
variational equations:
δΓ∞ =
∮
S∞
δB(ξ) , δΓH =
∮
SH
δB(ξ) , (2.4a)
δB(ξ) := (ξ bi)δHi + δb
i(ξ Hi) +
1
2
(ξ ωij)δHij +
1
2
δωij(ξ δHij) . (2.4b)
Here, ξ is the Killing vector which takes the values ∂t and/or ∂ϕ on S∞, and becomes a linear
combination thereof on SH , such that ξ
2 = 0. The variation δB is determined in accordance
with the boundary conditions, which must be chosen so as to ensure the solutions for Γ∞
and δΓH to exist and be finite. In particular, δ is required to satisfy the following rules:
(r1) On S∞, the variation δ acts on the parameters of a black hole solution, but not on the
parameters of the background configuration.
(r2) On SH , the variation δ must keep surface gravity constant.
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When the variational equations (2.4) are δ-integrable and the solutions for Γ∞ and ΓH are
finite, they are interpreted as the asymptotic charges and black hole entropy, respectively.
Although Γ∞ and ΓH are defined as a priory independent quantities, the analysis of their
construction [3] reveals that the regularity of the canonical gauge generator is ensured by
the relation
δΓ ≡ δΓ∞ − δΓH = 0 , (2.5)
which is equivalent to the first law of black hole thermodynamics.
3 Kerr-AdS black hole with torsion
In this section, we present Baekler et. al. Kerr-AdS solution [8, 9] in the framework of
a wider class of parity even PG Lagrangians [10]; for an extension to the general parity
violating Lagrangian, see Obukhov [11].
3.1 Metric and tetrad
The metric of Kerr-AdS spacetime in Boyer-Lindquist coordinates takes the form [15, 16, 17]
ds2 =
∆
ρ2
(
dt+
a
α
sin2 θdϕ
)2
−
ρ2
∆
dr2 −
ρ2
f
dθ2 −
f
ρ2
sin2 θ
[
adt+
(r2 + a2)
α
dϕ
]2
, (3.1a)
where
∆(r) := (r2 + a2)(1 + λr2)− 2mr , α := 1− λa2 ,
ρ2(r, θ) := r2 + a2 cos2 θ , f(θ) := 1− λa2 cos2 θ . (3.1b)
Here, m and a are the parameters of the solution, λ = −Λ/3a0, α normalizes the range of
the angular variable ϕ to 2π, and 0 ≤ θ < π. For m = 0, the metric reduces to the AdS
form, albeit in somewhat “twisted” coordinates [15, 16]. The metric possesses two Killing
vectors, ∂t and ∂ϕ, and the larger root of ∆(r) = 0 defines the outher horizon,
(r2+ + a
2)(1 + λr2+)− 2mr+ = 0 . (3.2)
The angular velocity is given by
ω(r) :=
gtϕ
gϕϕ
=
aα
[
f(r2 + a2)−∆
]
f(r2 + a2)2 − a2∆sin2 θ
, ω(r+) =
aα
r2+ + a
2
,X (3.3)
Note that ω(r) does not vanish for large r, ω ∼ −λa +O2. Surface gravity has the form
κ =
[∂∆]r+
2(r2+ + a
2)
=
r+(1 + λa
2 + 3λr2+ − a
2/r2+)
2(r2+ + a
2)
. (3.4)
The orthonormal tetrad associated to the metric (3.1) is chosen in the form
b0 = N
(
dt+
a
α
sin2 θ dϕ
)
, b1 =
dr
N
,
b2 = Pdθ , b3 =
sin θ
P
[
a dt+
(r2 + a2)
α
dϕ
]
, (3.5)
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where
N(r, θ) =
√
∆/ρ2 , P (r, θ) =
√
ρ2/f .
A simple calculation of the horizon area yields
A =
∫
r+
b2b3 =
4π(r2+ + a
2)
α
. (3.6)
The Riemannian connection ω˜ij is defined in the usual way as
ω˜ij :=
1
2
[
hi dbj − hj dbi −
(
hi (hj dbm)
)
bm
]
, (3.7)
see also appendix A.
3.2 Torsion, connection and curvature
The ansatz for torsion is given by [9, 10]
T 0 = T 1 =
1
N
[
− V1b
0b1 − 2V4b
2b3
]
+
1
N2
[
V2b
−b2 + V3b
−b3
]
,
T 2 :=
1
N
[
V5b
−b2 + V4b
−b3
]
,
T 3 :=
1
N
[
− V4b
−b2 + V5b
−b3
]
, (3.8)
where b− := b0 − b1 and the torsion functions Vn have the form
V1 =
m
ρ4
(r2 − a2 cos2 θ) , V2 = −
m
ρ4P
ra2 sin θ cos θ ,
V3 =
m
ρ4P
r2a sin θ , V4 =
m
ρ4
ra cos θ , V5 =
m
ρ4
r2 . (3.9)
Thus, the torsion tends to zero at spatial infinity. The irreducible components of T i are
displayed in Appendix A; in particular, (3)T i = 0. After introducing the contorsion 1-form,
Kij :=
1
2
[
hi T j − hj T i −
(
hi
(
hj T k
))
bk
]
, (3.10a)
or more explicitly
K01 =
1
N
V1b
− ,
K02 = K12 = −
1
N2
V2b
− +
1
N
(
V5b
2 − V4b
3
)
,
K03 = K13 = −
1
N2
V3b
− +
1
N
(
V4b
2 + V5b
3
)
,
K23 = −
2
N
V4b
− , (3.10b)
the RC connection is given by
ωij = ω˜ij +Kij . (3.11)
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• The tetrad field bi and the Lorentz connection ωij are basic elements of the RC geom-
etry of spacetime.
The RC curvature Rij = dωij+ωikω
kj has only two nonvanishing irreducible parts, (4)Rij
and (6)Rij; with A = (0, 1) and c = (2, 3), they are given by
(6)Rij = λbibj , (4)RAc =
λmr
∆
b−bc . (3.12)
The quadratic invariants
Rij⋆Rij = 12λ
2ǫˆ , T i⋆Ti = 0 , (3.13)
where ǫˆ := b0b1b2b3 is the volume 4-form, are regular. Note that the curvature invariant
differs from its Riemannian analogue [7].
The effective form of the Lagrangian is determined by the nonvanishing irreducible parts
of the field strengths,
LG = −
⋆(a0R + 2Λ0) + T
i⋆(a1
(1)Ti + a2
(2)Ti) +
1
2
Rij⋆(b4
(4)Rij + b6
(6)Rij) . (3.14)
The Kerr-AdS geometry is a solution of the PG field equations (2.2) provided the Lagrangian
parameters satisfy the following restrictions:
2a1 + a2 = 0 , a0 − a1 − λ(b4 + b6) = 0 , 3λa0 + Λ = 0 . (3.15)
With the above form of LG, the covariant momenta (2.3) are determined by
Hi = 2a1
⋆((1)Ti − 2
(2)Ti) ,
Hij = −2(a0 − λb6)
⋆(bibj) + 2b4
⋆(4)Rij , (3.16)
see also appendix A.
4 Asymptotic charges
As shown by Carter [15] and Henneaux and Teitelboim [16], Boyer-Lindquist coordinates
are not adequate for analyzing the asymptotic charges of Kerr-AdS spacetime since the
corresponding asymptotic behavior of the metric components is twisted with respect to the
standard AdS backgrond configuration. However, as we discussed in [7], one can use Boyer-
Lindquist coordinates as a technically simple first step in the calculations, whereupon the
transition to the new, “untwisted” coordinates
T = t , φ = ϕ− λat (4.1)
yields the correct final result. In fact, Henneaux and Teitelboim’s analysis, based on the
properties of asymptotic states, yields formulas for the new coordinates which also include
an additional part transforming (r, θ) into (R,Θ). However, that part is not needed in our
approach which is based on the Hamiltonian variational approach (2.4).
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Under the coordinate transformation (4.1), the components od the Killing vector ξ and
the metric tensor gµν transform according to
ξT = ξt + λaξϕ , ξφ = ξϕ ,
gTφ = gtt + λagϕϕ , gφφ = gϕϕ ,
gTT = gtt + 2λagtϕ + (λa)
2gϕϕ . (4.2)
Before we begin with calculations, let us note that the background configuration, which
is defined by m = 0, also depends on the parameter a. Hence, in order to avoid the variation
of those a’s that “belong” to the background, we introduce an improved interpretation of
the rule (r1) formulated in section 3:
(r1′) In the variational equation (2.4) for δΓ∞(ξ), first apply δ to all the parameters (m, a)
appearing in B(ξ), then subtract those δa terms that survive the limit m = 0, as they
originate from the variation of the AdS background.
In the calculations that follow, we use the notation
A0 := a0 − λ(b4 + b6) ≡ a1 ,
dΩ := sin θdθdϕ→ 4π , dΩ′ := sin3 θdθdϕ→
2
3
4π , (4.3)
Various components of ωij and Hi, Hij can be found with the help of Appendix A.
4.1 Angular momentum
We start the analysis of angular momentum by calculating the expression δEϕ := δΓ∞(∂ϕ).
For simplicity, we write δEϕ in the form δEϕ = δEϕ1 + δEϕ2, where
δEϕ1 :=
1
2
ωijϕδHij +
1
2
δωijHijϕ ,
δEϕ2 := b
i
ϕδHi + δb
iHiϕ , (4.4)
and the integration over S∞ is implicitly understood. The calculation is performed by
ignoring δa terms that are independent of m, even when they are divergent, and by omitting
asymptotically vanishing O(r−n) terms. The nonvanishing contributions are given by
δEϕ1 = ω
13
ϕδH13 + δω
13H13ϕ =
(
ω13ϕδH13θϕ + δω
13
ϕH13θϕ
)
dθdϕ
= δ
(
ω13ϕH13θϕ
)
dθdϕ = 2A0δ
(ma
α2
)
dΩ′ , (4.5a)
δEϕ2 = b
0
ϕδH0 + δb
0H0ϕ =
(
b0ϕδH0θϕ + δb
0
ϕH0θϕ
)
dθdϕ
= δ
(
b0ϕH0θϕ
)
dθdϕ = 4a1δ
(ma
α2
)
dΩ′ . (4.5b)
Summing up the two terms and using A0 = a1, one obtains
Eϕ = 16πA0δ
(ma
α2
)
= Eφ . (4.6)
The last equality follows from the trivial coordinate transformation ξφ = ξϕ, see (4.2).
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4.2 Energy
Going over to the energy, we represent the expression δEt := δΓ∞(∂t) by the sum of
δEt1 =
1
2
ωijtδHij +
1
2
δωijHijt ,
δEt2 = b
i
tδHi + δb
iHit . (4.7)
The nonvanishing contributions to δEt1 are
δω12H12t = (δω
12
θH12tϕ)dθdϕ = −A0m
δf
αf
sin θdθdϕ ,
δω13H13t = (−δω
13
ϕH13tθ)dθδϕ = −A0m
2fδα− αδf
α2f
sin θdθdϕ ,
⇒ δEt1 = −2A0m
δα
α2
= 2A0mδ
( 1
α
)
× 4π . (4.8a)
In a similar manner,
b0tδH0 = (b
0
tδH0θϕ)dθdϕ = 4a1
αδm−mδα
α2
sin θdθdϕ ,
⇒ δEt2 = 4a1δ
(m
α
)
× 4π . (4.8b)
Thus, the complete result takes the form
δEt = 16πA0
[
m
2
δ
( 1
α
)
+ δ
(m
α
)]
, (4.9)
which shows why Boyer-Lindquist coordintes are inadequate. Namely, if (4.9) were the final
result, the variational equation for energy would not be integrable, and consequently, energy
would not be even defined. As we noted earlier, the correct result can be obtained only by
going over to the untwisted (T, φ) coordinates. Indeed, using the transformation law (4.2)1
for the components of ξ, the expression for δEt = δΓ∞(∂t) is transformed into the final
result for δET := δΓ∞(∂T ), given by
δET = δEt + λaδEϕ = 16πA0δ
(m
α2
)
. (4.10)
The results (4.10) and (4.6) for the asymptotic charges ET and Eφ, respectively, coincide
with those obtained by Hecht and Nester [10]; in the GR limit, they reduce to the form found
earlier by Henneaux and Teitelboim [16], see also Ref. [7].
5 Entropy
Entropy is defined by the variational equation for ΓH(ξ), with
ξ := ∂T − Ω+∂φ = ∂t − ω+∂ϕ ,
ω+ =
aα
r2+ + a
2
, Ω+ = ω+ + λa =
a(1 + λr2+)
r2+ + a
2
. (5.1)
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In the analysis of δΓH(ξ), the following relations are very useful:
N∂rN
∣∣
r+
=
κ(r2+ + a
2)
ρ2+
, NδN
∣∣
r+
= 0 ,
ξ b0
∣∣
r+
= N
ρ2+
r2+ + a
2
, ξ ba
∣∣
r+
= 0 .
They allow us to easily obtain the interior products ξ α ≡ αξ for any form α expressed
in the orthonormal basis. Thus, for instance, using the expressions for the Riemannian
connection ω˜ij displayed in Appendix A, one finds
ξ ω˜01 = −N ′(ξ b0) = −κ , ξ ω˜02 =
Na2 sin θ cos θ
P (r2+ + a
2)
,
ξ ω˜13 = −
Nar+
P (r2+ + a
2)
sin θ , ξ ω˜03 = ξ ω˜12 = 0 , ξ ω˜23 ∼ N2 .
In a similar manner, one can calculate the interior products ξ ωij, ξ Hij, and ξ Hi, ap-
pearing in the variational equation (2.4).
In order to make our analysis of entropy as transparent as possible, we organize the
calculations in several simpler steps.
5.1 The basic result
We begin with the calculation of the expression δΓH(ξ), given in Eq. (2.4), by dividing it
into two parts, denoted symbolically by δΓ1 and δΓ2.
δΓ1 =
1
2
ωijξδHij +
1
2
δωijHijξ
The only nonvanishing contributions stemming from the first element of δΓ1 are
ω01ξδH01 [=] ω
01
ξδH01θϕ = 2A¯0
(
κ− V1
ρ2+
r2+ + a
2
)
δ
(r2+ + a2
α
)
sin θ , (5.2a)
ω03ξδH03 + ω
13
ξδH13 [=] K
03
ξ δ(H03θϕ +H13θϕ) + ω˜
13
ξδH13θϕ
= 2A¯0
( 1
N
V3
ρ2+
r2+ + a
2
)
· δ
(
PN
a
α
)
sin2 θ + 2λb4
ar+N
P (r2+ + a
2)
δ
(mr+
Nρ2+
Pa
α
)
sin3 θ .
(5.2b)
Here, the symbol [=] stands for an equality up to the factor dθdϕ, and A¯0 = a0 − λb6. In
δH13θϕ, the term proportional to A¯0 is omitted as it vanishes on horizon, NδN |r+ = 0.
In the second element of δΓ1 there are 2 + 2 nonvanishing contributions,
δω02H02ξ + δω
12H12ξ [=] δω˜
12
θH12ξϕ + δK
02
θ(H02ξϕ +H12ξϕ)
= −2A¯0δ
(mPr2+
Nρ4+
)Nρ2+
Pα
sin θ − 2λb4δ
(NPr+
ρ2+
) mr+
NPα
sin θ , (5.3a)
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and
δω03H03ξ + δω
13H13ξ [=] ≈ −δK
03
ϕ(H03ξθ +H13ξθ)− δω˜
13
ϕH13ξθ
= −2A¯0δ
( mr2+
NPρ2+α
) NPρ2+
r2+ + a
2
sin θ − 2λb4δ
(Nr+
αP
)mr+
N
P
r2+ + a
2
sin θ . (5.3b)
In H13ξθ, the term proportional to A¯0 is omitted.
δΓ2 = b
i
ξδHi + δb
iHiξ
The only nonvanishing contributions from δΓ2 are
b0ξδH0 [=] b
0
ξδH0θϕ = N
ρ2+
r2+ + a
2
δ
[2a1mr2+
Nαρ4+
(r2+ + a
2 + ρ2+)
]
sin θ , (5.4a)
δb0H0ξ [=] − δb
0
ϕH0ξθ = −2a1δ
(Na
α
)V3P
N
ρ2+
r2+ + a
2
sin2 θ , (5.4b)
δb2H2ξ [=] δb
2
θH2ξϕ − δb
2
ϕH2ξθ = 2a1(δP )(V1 − V5)
sin θ
Pα
ρ2+ , (5.4c)
δb3H3ξ [=] − δb
3
ϕH3ξθ = 2a1δ
(r2+ + a2
Pα
)
(V1 − V5)P
ρ2+
r2+ + a
2
sin θ . (5.4d)
5.2 Simplifications
The expressions for entropy found in (5.2)–(5.4) look rather complex. It is almost evident
that prior to any direct calculation, they should be simplified. The evidence for the existence
of the following two simplifications is provided in Appendix B:
T1. The sum of the terms proportional to δN/N in (5.2)-(5.4) vanishes.
T2. The sum of the terms proportional to δP/P in (5.2)-(5.4) vanishes.
As a consequence, the original expressions become notably simpler:
(5.2a) : 2A¯0
[
κ− V1
ρ2+
r2+ + a
2
]
· δ
(r2+ + a2
α
)
sin θ ,
(5.2b) : 2A¯0
(
V3P
ρ2+
r2+ + a
2
)
· δ
( a
α
)
sin2 θ + 2λb4
ar+
(r2+ + a
2)
δ
(mr+
ρ2+
a
α
)
sin3 θ . (5.5a)
(5.3a) : −2A¯0δ
(mr2+
ρ4+
)ρ2+
α
sin θ − 2λb4δ
( r+
ρ2+
)mr+
α
sin θ ,
(5.3b) : −2A¯0δ
(mr2+
ρ2+α
) ρ2+
r2+ + a
2
sin θ − 2λb4δ
(r+
α
) mr+
r2+ + a
2
sin θ . (5.5b)
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(5.4a) : 2a1
ρ2+
r2+ + a
2
δ
[mr2+
αρ4+
(r2+ + a
2 + ρ2+)
]
sin θ ,
(5.4b) : −2a1δ
( a
α
)
V3P
ρ2+
r2+ + a
2
sin2 θ ,
(5.4c) : = 0 ,
(5.4d) : 2a1δ
(r2+ + a2
α
)
(V1 − V5)
ρ2+
r2+ + a
2
sin θ . (5.5c)
In further analysis, we shall use the relation A¯0 = A0+λb4 to express these results in terms
of only two independent coupling constants, A0 and λb4. In this process, one should use the
identity a1 ≡ A0.
5.3 The terms proportional to λb4
Since the contributions in (5.5c) are proportional to a1 ≡ A0, the λb4 contributions are
determined by replacing A¯0 → λb4 into (5.5a) and (5.5b)). Then, by dividing each term by
2λb4 (for simplicity), one obtains
(5.2a) :
[
κ−
m(r2+ − a
2 cos2 θ)
ρ2+(r
2
+ + a
2)
]
δ
(r2+ + a2
α
)
sin θ ,
(5.2b) :
amr2+ sin
3 θ
ρ2+(r
2
+ + a
2)
δ
( a
α
)
+
ar+
r2+ + a
2
δ
(mr+
ρ2+
a
α
)
sin3 θ ,
(5.3a) : −
[ρ2+
α
δ
(
mr2+
ρ4+
)
+
mr+
α
δ
(r+
ρ2+
)]
sin θ ,
(5.3b) : −
[ ρ2+
r2+ + a
2
δ
(mr2+
αρ2+
)
+
mr+
r2+ + a
2
δ
(r+
α
)]
sin θ . (5.6)
These contributions can be further simplified, as shown in Appendix B.
T3. When the sum of the terms in (5.6) is integrated over dθdϕ, it vanishes.
This result allows us to go over to the final stage of the analysis of entropy.
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5.4 The terms proportional to A0
The remaining contributions proportional to A0 are obtained by the substitution A¯0 → A0
into (5.5a) and (5.5b). By a suitable rearrangement, the result can be expressed as
(5.2a) + (5.2b)1 + (5.3a)1 + (5.3b)1 :
2A0 sin θ
[(
κ−
V1ρ
2
+
r2+ + a
2
)
δ
(
r2+ + a
2
α
)
+
amr2+ sin
2 θ
ρ2+(r
2
+ + a
2)
δ
( a
α
)
−
ρ2+
α
δ
(
mr2+
ρ4+
)
−
ρ2+
r2+ + a
2
δ
(
mr2+
αρ2+
)]
,
(5.4a) + (5.4b) + (5.4c) + (5.4d) :
2a1
ρ2+
r2+ + a
2
sin θ
[
V1δ
(
r2+ + a
2
α
)
−
amr2+ sin
2 θ
ρ4+
δ
( a
α
)
+
r2+ + a
2
α
δ
(
mr2+
ρ4+
)
+ δ
(
mr2+
αρ2+
)]
.
After using A0 = a1, all these contributions sum up to a simple expression
(5.2) + (5.3) + (5.4) = 2A0κ sin θδ
(
r2+ + a
2
α
)
. (5.7)
Then, the integration over dθdϕ yields the final result
δΓH = 8πA0κδ
(r2+ + a2
α
)
= TδS , S := 16πA0
π(r2+ + a
2)
4
, (5.8)
where T = κ/2π is the black hole temperature and S the Kerr-AdS entropy in PG.
6 The first law
In the Hamiltonian approach described in section 2, the asymptotic charges and entropy are
defined by the variational equations (2.4) as a priory independent quantities. The results
that we found for δET , δEϕ and δΓH , combined with the identity derived in Appendix C,
imply the validity of the first law of black hole thermodynamics for the Kerr-AdS black hole,
TδS = δET − Ω+δEϕ , (6.1)
in accordance with Eq. (2.5).
7 Concluding remarks
In the present paper, we performed a classical Hamiltonian analysis of the thermodynamic
variables, energy, angular momentum and entropy, for the Kerr-AdS spacetimes in PG.
Our analysis relies on the Kerr-AdS solution with torsion, constructed some thirty years
ago by Baekler et al. [8, 9]. The results for energy and angular momentum coincide with
those obtained by Hecht and Nester [10]. In both their and our analyses, it was essential to
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understand the limitations of the Boyer-Lindquist coordinates at large distances in accor-
dance with the ideas of Henneaux and Teitelboim [16], the ideas which can be traced back
to the work of Carter [15].
As far as we know, the result (6.1) for entropy is completely new in the literature,
although our earlier results for the spherically symmetric and asymptotically flat Kerr solu-
tions [3, 6, 7] led to certain ideas on what might be the answer in the Kerr-KAdS case. The
calculations producing the final result for the Kerr-AdS entropy are rather complex, but at
the end, they confirm that black hole entropy in PG can be interpreted as the canonical
charge on horizon.
In spite of a very different geometric/dynamical content of PG and GR, our analysis
shows that the related Kerr-AdS thermodynamic variables differ solely by a constant mul-
tiplicative factor. This somewhat puzzling situation may indicate the need for a deeper
understanding of the role of boundary conditions.
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A Technical aspects of Kerr-AdS solution
In this appendix, we present some detailed technical characteristics of the Kerr-AdS solution.
First, we display here the explicit form of the Riemannian Kerr-AdS connection (3.7),
ω˜01 = −N ′b0 −
ar
Pρ2
sin θb3 ,
ω˜02 =
a2 sin θ cos θ
Pρ2
b0 −
aN
ρ2
cos θb3 ,
ω˜03 = −
ar
Pρ2
sin θb1 +
aN
ρ2
cos θb2 ,
ω˜12 =
a2 sin θ cos θ
ρ2P
b1 +
rN
ρ2
b2 ,
ω˜13 = −
ar
Pρ2
sin θb0 +
Nr
ρ2
b3 ,
ω˜23 = −
aN
ρ2
cos θb0 +
P cos θ − ∂θP sin θ
P 2 sin θ
b3 . (A.1)
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Then, the irreducible components of the torsion 2-form (3.8) are found to be
(2)T 0 = (2)T 1 =
1
3N
(−V1 + 2V5)b
0b1 ,
(2)T c =
1
3N
(
− V1 + 2V5
)
b−bc , c = (2, 3),
(1)T 0 = (1)T 1 = −
1
N
[2
3
(V1 + V5)b
0b1 + 2V4b
2b3
]
+
1
N2
b−Vcb
c ,
(1)T 2 =
1
N
[1
3
(V1 + V5)b
−b2 + V4b
−b3
]
,
(1)T 3 =
1
N
[1
3
(V1 + V5)b
−b3 − V4b
−b2
]
.
(3)T i = 0 . (A.2)
Finally, the explicit forms of the covariant momenta read
H01 = −2A¯0b
2b3 ,
H02 = 2A¯0b
1b3 + 2b4
λmr
∆
b−b3 ,
H12 = −2A¯0b
0b3 − 2b4
λmr
∆
b−b3 ,
H03 = −2A¯0b
1b2 − 2b4
λmr
∆
b−b2 ,
H13 = 2A¯0b
0b2 + 2b4
λmr
∆
b−b2 ,
H23 = −2A¯0b
0b1 , (A.3)
H0 = −H1 =
4a1
N
[
− V4b
0b1 + V5b
2b3
]
+
2a1
N2
[
b−(−V2b
3 + V3b
2)
]
,
H2 = −
2a1
N
[
(−V1 + V5)b
−b3 + V4b
−b2
]
,
H3 = −
2a1
N
[
(V1 − V5)b
−b2 + V4b
−b3
]
, (A.4)
B On the evaluation of entropy
In this appendix, we discuss certain technical details of the derivation of entropy given in
the main text.
B.1 Elimination of δN/N and δP/P terms
Starting from the basic results on entropy obtained in Eqs. (5.2)-(5.4), we are now going to
show that both δN/N and δP/P terms cancel out.
Consider first the coefficients of the δN/N terms. By a suitable rearrangement of these
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coefficients, shown in the following formulas
(5.3a)1 + (5.3b)1 : 2A¯0
mr2+
αρ2+
(
1 +
ρ2+
r2+ + a
2
)
sin θ ,
(5.3a)2 + (5.3b)2 : −2λb4
mr2+
αρ2+
(
1 +
ρ2+
r2+ + a
2
)
sin θ ,
(5.4a) : −2a1
mr2+
αρ2+
(
1 +
ρ2+
r2+ + a
2
)
sin θ ,
one can directly conclude that their sum vanishes, as a consequence of A¯0 ≡ a1+λb4. There
are two more contributions of this type,
(5.2b) : 2(A¯0 − λb4)
mr2+a
2
αρ2+(r
2
+ + a
2)
sin3 θ ,
(5.4b) : −2a1
mr2+a
2
αρ2+(r
2
+ + a
2)
sin3 θ ,
whose sum also vanishes. Hence, all (δN)/N terms in entropy can be simply ignored.
A similar analysis shows that the sum of all δP/P terms also vanishes:
(5.2b)1 + (5.3a)1 + (5.3b)1 : 2A¯0
mr2+ sin θ
α
(
a2 sin2 θ
ρ2+(r
2
+ + a
2)
−
1
ρ2+
+
1
r2+ + a
2
)
= 0 ,
(5.2b)2 + (5.3a)2 + (5.3b)2 : 2λb4
mr2+ sin θ
α
(
a2 sin2 θ
ρ2+(r
2
+ + a
2)
−
1
ρ2+
+
1
r2+ + a
2
)
= 0 ,
(5.4c) + (5.4d) : 2a1(V1 − V5)
sin θ
α
ρ2+
−2a1
r2+ + a
2
α
(V1 − V5)
ρ2+
r2+ + a
2
sin θ = 0 .
B.2 Elimination of λb4 terms
Let us now analyze Eq. (5.6) from the main text, which is focused on the contributions
from the λb4 terms. In order to simplify the formulas, we temporarily omit the common
factor sin θ and rewrite the result in a more convenient form:
(5.2a) :
[
κ−
m(r2+ − a
2 cos2 θ)
ρ2+(r
2
+ + a
2)
]
δ
(r2+ + a2
α
)
,
(5.2b) :
ar+ sin
2 θ
r2+ + a
2
[
2
mr+
ρ2+
δ
( a
α
)
+
a
α
δ
(mr+
ρ2+
)]
,
(5.3a) : −
ρ2+
α
[
r+
ρ2+
δ
(mr+
ρ2+
)
+ 2
mr+
ρ2+
δ
(r+
ρ2+
)]
,
(5.3b) : −
ρ2+
r2+ + a
2
[
r+
α
δ
(mr+
ρ2+
)
+ 2
mr+
ρ2+
δ
(r+
α
)]
. (B.2)
Now, if the first term in (5.2a) is replaced by
κδA =
2r2+
α(r2+ + a
2)
δm+
2am(−1 + 3λr2+)
α2(r2+ + a
2)
δa , (B.3)
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one can directly conclude that
• the sum of all δm terms in (B.2) vanishes.
As a consequence, one can further simplify the form of (B.2). By rearranging the last 3
lines, (B.2) becomes
(5.2a) :
2am(−1 + 3λr2+)
α2(r2+ + a
2)
δa−
m(r2+ − a
2 cos2 θ)
ρ2+(r
2
+ + a
2)
δ
(r2+ + a2
α
)
,
(5.2b)2 + (5.3a) + (5.3b)1 :
mr+
α(r2+ + a
2)
δ
( r+
ρ2+
)[
− 2ρ2+ − 2(r
2
+ + a
2)
]
,
(5.2b)1 + (5.3b)2 : 2
mr+
r2+ + a
2
[
ar+ sin
2 θ
ρ2+
δ
( a
α
)
− δ
(r+
α
)]
. (B.4)
The δr+ terms in (B.4) vanish
In Eqs. (B.4), one can treat δr+ and δa as two independent variations on horizon. Consider
first the δr+ part of (B.4), defined by δa = 0, but with a 6= 0. Then, by integrating
(B.4)×δΩ, where dΩ ≡ sin θdθdϕ, one finds that the sum of these terms vanishes.
The δa terms in (B.4) vanish
The remaining, explicit δa terms in (B.4) are given by
2am(−1 + 3λr2+)
α2(r2+ + a
2)
δa−
m(r2+ − a
2 cos2 θ)
ρ2+(r
2
+ + a
2)
δˆ
(r2+ + a2
α
)
,
−
mr+
α(r2+ + a
2)
δˆ
( r+
ρ2+
)[
2ρ2+ + 2(r
2
+ + a
2)
]
,
2
mr+
r2+ + a
2
[
ar+ sin
2 θ
ρ2+
δˆ
( a
α
)
− δˆ
(r+
α
)]
, (B.5a)
where the variation δˆX acts only on a’s that are explicitly present in X ,
δˆ
(r2+ + a2
α
)
=
2a(1 + λr2)
α2
δa ,
δˆ
( r+
ρ2+
)
= −
r+
ρ4+
(
2a cos2 θ
)
δa ,
δˆ
( a
α
)
=
1 + λa2
α2
δa , δˆ
(r+
α
)
=
2λar+
α2
δa . (B.5b)
A direct integration of the terms in (B.5a)×dΩ shows that their sum vanishes.
To summarize:
• The sum of the λb4 terms in (B.4)×dΩ vanishes after integration.
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C Elementary 1st law as an identity
Here, we consider an “elementary” version of the first law. Lets us define
S :=
r2+ + a
2
α
, M :=
m
α2
, J := Ma . (C.1)
By calculating δS as a function of δr+ and δa, one can use the horizon equation to express
δr+ in terms of δm and δa, which yields
κδr+ =
r+
r2+ + a
2
δm−
a(1 + λr2+)
r2+ + a
2
δa ,
κ
2
δS =
r2+
α(r2+ + a
2)
δm+
a(1 + λr2+)(−1 + 3λr
2
+)
2α2r+
δa . (C.2)
Then, after calculating the variation of the charge on horizon,
δM − ΩδJ =
r2+
α(r2+ + a
2)
δm+
am(−1 + 3λr2+)
α2(r2+ + a
2)
δa , (C.3)
one obtains the relation
κ
2
δS = δM − ΩδJ on horizon . (C.4)
This identity is an elementary version of the first law, determined solely from the definition
of horizon.
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